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Abstract. We prove long time existence of regular solutions to the Navier-Stokes equa- 
tions coupled with the heat equation. We consider the system in non-axially symmetric 
cylinder with the slip boundary conditions for the Navier-Stokes equations and the Neu- 
mann condition for the heat equation. The long time existence is possible because we 
assumed that derivatives with respect to the variable along the axis of the cylinder of 
the initial velocity, initial temperature and the external force in L2 norms are sufficiently 
small. We proved the existence of such solutions that velocity and temperature belong 
to VF^'^fi x (0,T)), where a > |. The existence is proved by the Leray-Schauder fixed 
point theorem. 
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1. Introduction 



We consider the following problem 



v :t + vVv-divT(v,p) = a(6)f in fi T = fix(0,T), 



div v = in fi T , 

9, t + v- V0-xA0 = O in fi T , 



(1.1) 



n ■ D{v) ■ f a = 0, a = 1,2 on >S T = S x (0,T), 




where Q C IR 3 is cylindrical domain, £ = 90, v = (vi(x,t),V2(x,t),vz(x,t)) G IR 3 is 
the velocity of the fluid motion, p = p(x,t) G IR 1 the pressure, 9 = 9(x,i) G R + the 
temperature, / = (fi(x,t), f2(x,t), fs(x,t)) G R 3 the external force field, n is the unit 
outward normal vector to the boundary S, f a , a = 1, 2, are tangent vectors to 5" and the 
dot denotes the scalar product in M 3 . We define the stress tensor by 



where v is the constant viscosity coefficient, J is the unit matrix and D(v) is the dilatation 
tensor of the form 



Finally x is a positive heat conductivity coefficient. 

By x = (xi,X2,X3) we denote the Cartesian coordinates, O C IR 3 is a cylindrical type 
domain parallel to the axis £3 with arbitrary cross section. 

We assume that S = Si U £2, where £1 is the part of the boundary which is parallel to 
the axis X3 and S2 is perpendicular to £3. Hence 



where 6, c* are positive given numbers and ^0(^17^2) describes a sufficiently smooth 
closed curve in the plane X3 = const. We can assume f\ = (rn, T12, 0) T2 = (0, 0, 1) and 
n = (T12, -th,0) on S^. 

Assume a G C 2 (R + ) and fi T satisfies the weak /-horn condition, where / = (2, 2, 2, 1). 
Moreover assume O is not axially symmetric. Now we formulate the main result of this 
paper. Let g = f tX3 , j = v, X3 , q = p tX3 , d = 9 tX3 , x = (rotu) 3 , F = (rot/) 3. Assume that 



T(v,p) = vD(v) - pi, 



D(v) = {v itXj +V jiXi }i, j=1 ,2,3- 



Si = {x G M 3 : <po(x 1 , x 2 ) = 0*, -h < x 3 < b} 



and 



S 2 = {x G R 3 : 



(fo(xi,X2) < c*, X3 is equal either to — b or 6}, 



||0(O)|| Loo(n )<oo. 
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Define 



a : [0,oo) ->■ [0,oo), a(x) = sup{|a(y)| + \a'(y)\ + \a"(y)\ : \y\ < x} 

and ci = a( || 0(0) || Loo)- Moreover assume that | < a < oo, | < £> < oo, | — f < 1 and 
for t < T 

1- Ci||^||x, 2 (o,t;L 6/B (n)) +CiCo||/||i, 00 (0 ) t;L3(n)) +Cl||i ? ||L 2 (0,t;L 6/5 (n)) + Cl||/3||L 2 (0,t;L 4/3 (S 2 )) 

+ ||fc(0)|U a (n) + l|0(O)|U a (n) + llx(0)IU a (n) +cg(c 1 ||/|| La( o I t ; L 8/B ( n)) + ||«(0)|| La( n)) < h < 
oo, 

2- ||/|U 3 (0,t;Ls(n)) < < oo, 

3- ||/|U 2 (n*) + Ikollffi(n) < fc 3 < oo, 

4- ci||/|| Loo(nt) e cc ? fe 2/c 1 + ci||y|| L<7(n *) + ||tf(0)|| w 2- 2/CT(n) + \\h(0)\\ w 2-2/ a(n) < h < oo, 

5- ci||y|| L2(0l t;L 6/B (n)) + ci||/ 3 |U 2 (o,t;L 4/3 (s 2 )) + ||M°)IU 2 («) + ||#(0)|U 2 (n) < d < oo, 

6- ^11/11^(^ + 11^(0)11 

where cq is a constant from Lemma 2.2. Assume 

feL a (Q T ), g eL a (n T ), 

0(0) G W* _2/ff (fi). 

Theorem 1.1. Let the above assumptions hold. Assume that d is sufficiently small 
(see [5, Main Theorem]). Then there exists a strong solution (y,p,9) to (1.1) such that 

v,ee w^(n T ), Vp g L^(n T ), Me wy(n T ), v q g L a (o T ). 

The result follows by applying the methods developed in [3] to the more complicated 
system (1.1). However, the proof of existence in this paper is much more clear that the 
one in [3] , because the mapping in this paper is constructed in a simpler way than the 
corresponding mapping in [3]. This, however, needs more regularity. Therefore in this 
paper we proved the existence of much more regular solutions than in [3]. 



2. Preliminaries 

In this section we introduce notation and basic estimates for weak solutions to prob- 
lem (1.1). 
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2.1. Notation 

We use isotropic and anisotropic Lebesgue spaces: L p (Q), Q G {0 T , S T , 0, S}, p G 
[1, oo]; L q (0, T; L p (Q)) Q G {O, 5}, p, g G [1, oo]; Sobolev spaces 



<i 

with the norm 



W°' s/2 (Q T ), Qe{fl,S}, gG[l,oo], seNU{0} 

1/9 



\W*' S/ \Q T ) 



J \D%d?u\ q dxdt^J 



\ce\+2a<s nT 



where D% = d^d^d^, \a\ = a x + a 2 + a 3 , a, «,GNU {0}. 
In the case q = 2 

H S (Q) = Wi(Q), H S ^ 2 (Q T ) = W°' S/2 (Q T ), Q G {SI, S}. 

Moreover, L 2 (Q) = H°(Q), L P (Q) = W°(Q), L P (Q T ) = W^°(Q T ). 

We define a space natural for study weak solutions to the Navier-Stokes and parabolic 
equations 

^2 C ( fiT ) = |« : \\ u \\v 2 k (n T ) = es s su P ||«||ff*(n) + {^f \\^ u \\ 2 Hk(Q)dt^ <oo|. 



2.2. Weak solutions 

By a weak solution to problem (1.1) we mean v G F 2 °(0 T ), 6 G V£(Q T ) fl L 00 (Q T ) 
satisfying the integral identities 

— J v-ip j tdxdt+ J v ■ Vv ■ (pdxdt + — J D{v) ■ D(ip)dxdt 
= J a(9) f ■ ipdxdt + J voip(0)dx, 

- J 6ip, t dxdt + J v ■ VOipdxdt + x J V6> • Vipdxdt 



(2.1) 



(2.2) 



= J e ij(o)dx, 



which hold for (p,if> e W 2 1 ' 1 (ft T ) n L 5 (0 T ) such that ip(T) = 0, ip(T) = 0, divy? = 0, 
<p ■ n\s = 0. 
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Lemma 2.1. (see [9]) (the Korn inequality) Assume that 
(2.3) E Q (v) = \\D(v)\\l 2{n) <oo, v-n\ s = 0, divv = 0. 

If O is not axially symmetric there exists a constant C\ such that 
(2-4) \\v\\ 2 m{n) <c 1 Ea(v). 

If O is axially symmetric, r\ = (—X2, x\, 0), a = f Q v ■ rjdx, then there exists a constant 
C2 such that 

(2-5) IMIW) <C2(Ea(v) + \a\ 2 ). 

Let us consider the problem 

h t -diyT(h,q) = f in T , 

div h = in fi T , 

(2.6) n-h = 0, n-D(h)-f a =0, a = 1,2 on Sf , 
hi = 0, i=l,2, h 3jX3 =0 on S% , 
h\ t= o = h(0) in O 

Theorem 2.1. Let f G L p (0 T ), h(0) G V^ 2 ~ 2/p (fi), s G C 2 , 1 < p < oo. Then there 
exists a solution to problem (2.6) such that h G W p 2,1 (Q T ), Vg G L p (0 T ) and there exists 
a constant c depending on S and p such that 

(2.7) \\h\\ w >A (nT) + llVfflU^nT) < c(\\f\\ Lp{nT) + \\h(0)\\ w ,- VP{n) ). 

The proof follows from considerations from [2, Ch. 4]. 
Let us consider the problem 



v, t -divT{v,q) = f in fi T , 

div v = in fi T , 

n • i> = 0, n • D{v) ■ f Q = 0, a = 1,2, on S^, 
u|t=o = fo in O. 



Theorem 2.2. (the proof is similar to the proof from [1]) Let f G L p {Vt T ), v(0) G 
Wp 2 ^ p (0), S G C 2 , 1 < p < oo. Then there exists a solution to problem (2.8) such that 
v G Wp ,1 (Q T ), Vp G L P (0 T ) and there exists a constant c depending on S and p such 
that 

(2-9) \Mw^(nT) + l|V(z|| M ^) < c(\\f\\ Lp{QT) + |K0)||^ 2 - 2 / P(n) ). 
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Lemma 2.3. (see [5, Lemma 2.3]) 

Assume that v G L 2 (Q), 9q G L oo (0), / G L 2 (0, T; L 6 / 5 (0)), T < oo. Assume that O is 
not axially symmetric. Assume that there exists constants 6*, 9* such that 6* < 6* and 

o* < e (x) < r, x g a 

Then there exists a weak solution to problem (1.1) such that (v, 6) G V^O 7 ) x ^2°(^ T )> 
6 G Loo(ft T ) and 

(2.10) e*<e(x,t)<e*, (x,t)en T , 

(2.11) Hvllvo^T) < c(a(||6>o|U 00 (0))||/IU 2 (o,^;Z, 6/5 c^)) + |MU 2 (fi)) < c , 
(2-12) ll^llvo^T) < c||^ ||L 2 (fi) < c . 

Remark 2.4. If 0(0) > 0, then 9(t) > for t > 0. 

3. Existence 

For £, 77 > 1, cr, £ > 1 define 

= IMkoo^T^Hfi)) + II^IUoo(0,T;Wi(n)) 
+ \\ v ,x 3 \\^oo(0,T;W^(Q)) + 11^3 II Lcx.(0, TjW^n)) ) 

^(0 T ) = {( V ,^): IKt;^)!!^^) <oo}, 

\\(V,0)\W(QT) = ||u|| W 2,l (nT) + \\0\\ W 2,1 {QT) 
+ \\ V ,X 3 Wwl' 1 ^) + H^3 II W^' 1 ^)' 

A/"(O T ) = {( W ,0): ||K^|U(nT) < 00}. 

Lemma 3.1. We have 

1. (M(Q T ),\\ || M(Q T )) JS the Banach space. 

2. (A/"(0 T ), || ||j\/(n T )) is the Banach space. 

3- \\u\\M(n T ) — c ll M llA^(fi T ) -f° r w e A/"(0 T ) and tie imbedding Af(Q T ) C .M(0 T ) is 
compact for q < V , | - | < 1, cr < £, J - | < 1. 

Let us consider the problems 

v t - divT(v,p) = -X[v ■ Vv + ct(6)f], 
div v = 0, 

(3.1) 

w-n| s = 0, • D(v) ■ r a \ s = 0, a = 1,2, 
v\t=o = v 
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and 

9 t - xA9 = —Xv ■ V0, 
(3.2) n-V9\ s = 0, 

0\t=o = @o, 

where A G [0, 1] is parameter and 5, 9 are treated as given functions. We will assume that 
aeC 2 ( 



(v,9)eM(n T ), 3<r]<oo, 

feL g (tt T ), Kg <oo 

vo e W 2 - 2 ^(Q), 



Lemma 3.2. Assume that 



S eC 2 , - - - < 1, q < rj. 

Q 7] 

Then there exists a unique solution to problem (3.1) such that 



and 



Proof. We have 



and 



MU oo (0,T;Wi(n)) < c||u|| w 2,i (n T) < c(X\\(v,9)\\ 2 M{QT) 
+ Xa(c\\(v,e)\\ M{C iT))\\f\\L B (nT) + \\v \\ w 2-2/ e{Q) ). 

\\v ■ Vv||L e (fiT) < c||{i|| Loo(fi T ) ||V5|| Lr) ( fi T ) 

^ C ll r7 lli O o(0,T;T^ 77 1 (f2)) ^ c \\( v iO)\\m(CIT)- 



\H9)f\\ Le ^T) < a(c||^|| Loo(0 ,T;^(n)))||/||L e (nT ) 

<c(c||(t;,fil)|| > i ( nT ) )||/|| M nr ) . 
By Theorem 2.2 the proof is completed. □ 
Lemma 3.3. Assume that 

5 3 

3 < T] < OO, 1 < £> < OO, Q < 1], < 1, 

Q T] 

(v,9)eM(n T ), 9 Q eW 2 - 2 ' s {Q). 
Then there exists a unique solution to problem (3.2) such that 

9eW 2 > 1 (n T )cL oo (0,T;Wi(n)) 
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and 

l|0|U oo (o,T;Wi(n)) < c||^|| M/ 2,i (nT) < c{\\\{v,6)\\ 2 M{nT) + ||^o|| w 2-2 /e(n) ). 
Proof. We have 

\\v ■ v^lu^fiT) < WvU^QT^veWL^QT) 

< c\\v\\ Loo ( ,T;Wi(n)) \\0\\l oo (0,T;W1(S1)) 

<c\\(v,d)\\ 2 M(QTy 

Then similarly as in Theorem 9.1 from [2, Ch. 4, Sect. 9] (see also [6, Theorem 17]) we 
prove the lemma. □ 

Lemma 3.4. Let 

(v, 6) G M(tt T ), 3 < £ < oo, 3 < ?7 < oo 

/GL fJ (0 T ), geL a (n T ), Ka<oo (where g = f, X3 ) 

a<rj, SeC 2 , <t<£, - - - < 1. 



Let v,p be a unique solution to problem (3.1). Let h = v jX3 , q = p,x%. Assume h(0) G 

h G W 2 >\n T ) C £«,((), T; 



V^~ 2/(T (fi). Then 



and 

INU^o/r^fi)) < c II^IL2.i ( nT) < c(A||(r5,0)||^ (n) 
+ Aa(c||(fi^)||A 4 (nT))||(€,tf)||^(nT)||/||L a( nT) 

Proof. The function h is a solution of the following problem 

h t - div T(/i, q) = X[-v -Vh-h-Vv + a e {6)vf + a(9)g] in fi T , 

div/i = in fi T , 

n • h = 0, n • L>(/i) • f Q = 0, a = 1,2 on S 1 ^, 

7^ = 0, i = l,2, h 3jX3 =0 on S^, 

/i|t=o = /i(0) in O, 

where = 6 ja . 3 , ■& = 9 >X3 . 
We have 

\\v-Vh\\L a (ciT) < cllvllLoo^jllV^llL^nT) 

< c||i)|| Loo (o,T;Wi(n)) \\ h \\L oo (0,T;W*{n)) 
<c\\(v,9)\\ 2 M(Q Ty 
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and 

11^ • VwlU^nT) < cll^ll^^TjUVull^^T) 

< c ll /i llL 3O (0,T;VK 5 1 (n))H i} IU O o(0,T;H/i(«)) 
<c\\(v,e)\\ 2 M{nT y 

Then 

\We{0)df\\ LAa T) < ca(c||^|| Loo(0 ,T;W ?7 i(n)))ll^llL 00 (o,T;W/ 5 1 (n))ll/llL CT (nr) 

We have 

II«(%I|l ct (^) < a(c||^||L 00 (o I T;Wi(n)))ll»IU„(n T ) 
< c{c\\{y,e)\\ M{slT) )\\g\\ La{n Ty 
By Theorem 2.1 the proof is completed. □ 

Lemma 3.5. Assume that 3 < r] < oo, 1 < a < oo, a < rj, ^ — § < 1, 3 < £ < oo, cr<£, 
(i), 0) G .M(n T ). Let 9 be a unique solution to problem (3.2). Let d = 9 jXs . Assume that 
#(0) G W^" 2/<T (0). Then 

and 

1^11^.(0,^^1(0)) < c\\n w y {nT) < c(\\\(v,~9)f M{QT) + 11^(0)11^-2/.^). 

Proof. The function -d is solution of the following problem 

$ )t - xM = -\[h-V9 + v - in fi T , 

n-W = on S{, 

tf = on Sf, 

#|t=o = 0(O) in O, 

where $ = # X3 . We have 

^•V^|| iCT( aT ) <||/ i || Loo(fi T ) ||V^||L t)( nT) 

< c ll /l llL oo (0,T;M/ 5 1 (fi))ll 6 'llioo(0,T;W t) 1 (O)) 

<c||(«, ^)llM(n-) 

and 

\\v- V^|| L(T (nT) < Hvll^cnTjIlV^llL^nT) 

< c||i5|| Loo (o,T;Wi(n)) II^IUooCo.Tjwicn)) 
<c||(M)||i, (n T). 
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Then similarly as in Theorem 9.1 from [2, Ch. 4, Sect. 9] (see also [6, Theorem 17]) we 
prove the lemma. □ 
From Lemmas 3.1-3.5 it follows that if (v, 0) G .M(0 T ), then there exists a unique 
solution (y,0) to problems (3.1)-(3.2) such that (y,0) G M(VL T ). 

To prove the existence of solutions to problem (1.1) we apply the Leray-Schauder 
fixed point theorem (see [4, 7, 8]). Therefore we introduce the mapping cf> : [0,1] x 
M(0, T ) ->■ M{VL T ), (X,v,0) -> cj)(X,v,6) = (v,0) where (v,0) is a solution to problems 
(3.1)-(3.2). 

For A = we have the existence of a unique solution. For A = 1 every fixed point is a 
solution to problem (1.1). 

Lemma 3.6. Let the assumptions of Lemmas 3.2-3.5 be satisfied. Then the mappings 
4>(X, •) : M(fl T ) — > M(Vt T ), X G [0, 1] are completely continuous. 



Proof. By Lemmas 3.1-3.5 the mappings 0(A, •), A G [0,1] are compact. From this it 
follows that bounded sets in M(Q T ) are transformed into bounded sets in M(fl T ). Let 
(vi, $i) G A^(0 T ), i = 1, 2 be two given elements. Then (vi, 0i), i = 1, 2 are solutions to 
the problems 



(3.3) 



and 



v it - dwT(vi,pi) = -X(vi ■ Vvi + a(0i)f), 
div Vi = 

n ■ D(vi) ■ f\ s = 0, n-^| s = 0, 
^|t=o = ^o, « = 1,2, 



- xA9i = -Xvi ■ V0 h 

(3.4) n-V^| s = 0, 

0i\t=Q = 0o, i = 1,2. 

To show continuity we introduce the differences 

(3.5) V = V!-V2, P = Pl- P 2, T=0!-0 2 

which are solutions to the problems 

V t - divT(F, P) = -X[V ■ Vfli +v 2 -VV + (a(^i) - a(^ 2 ))/] 

div y = o 

3.6 

V-n\ s = n ■ D(V) ■ f\ s = 0, 

V\ t=0 = 
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and 

% - xAT = -X[V ■ V9i +v 2 -Vf\ 
(3-7) n-VT\s = 0, 

r\ t =o = o, 

where V = v\ — v 2 , T = 6\ — 9 2 . 
In view of [3] and [7, 8] we have 

ll^llwf + llTllwf 1 ^) < ctHyH^^llViJillL^nT) 
^ 3 g ) + II^IUoo^jllVylli^nT) + ca(max{||ei|| Loo(n T), H^Hl^^)})' 

• l|7"||L 00 (nT)||/||L (nT) + ||^2|U tx> (fiT)||VT||L e (nT ) 
+ II^IIl^^IIV^iIU^ot)] < cdlV-H^^T) + ||f \\ M (nT } ). 

Let hi = Vi iX3 i Qi = Pi,xs: $i = @i,X3i hi = Vi yX3 , Vi = 0i yX3 . 

The functions hi,$i, i = 1,2 are solutions to the following problems 

/i M -divT(/i i , % ) = -A[^-Vi; i + {; i -V^ + a e (^)^/ + a(^] in fi T 

div hi = in fi T 

n-hi = 0, n • D{h) ■ r a , a = 1,2, i = 1 , 2 on S'f 

=0, i = 1,2, j = 1,2 on 

^3,x 3 = 0, i = 1,2 on 5 2 T 

^iU=o = M°) in ^ 

and 

ti ijt - xA$i = -X[hi ■ V6i + Vi ■ Vtii] in fi T , 
n ■ Wj = on , 

= on , 

■&i\t=o = #(0) in 
We introduce the differences 

H=h\ — h 2 , Q = Qi — Q2, R="di—'&2 
which are solutions to the problems 

H t - div T(H, Q) = -X[H ■ Vvi + h 2 • VF + V ■ Vh + v 2 -VH 
+ (a fl (0i) - ae{e 2 ))hf + a e (6 2 )Rf 

+ (a(h) - a(e 2 ))9 in T 

dwH = in fi T 

n-H = 0, n-D(H)-f a = 0, a = 1,2 on Sf 

H j = 0, j = 1,2, # 3 ,* 3 =0 on S 2 T 

#|t=o = in O. 
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and 

R t - xAR = -X[H • V^i + /i 2 • VT+y • Vtf i + 6 2 • V#] in fi T , 

n-VR = on Sf , 

R = on Sf, 

-R|t=o = in O, 
where H = hi — h 2l R = $1 — $2- In view of [3] and [7, 8] we have 

+ II^IU^^jllVV-IU^nT) + H^ll^^llV/nll^^T) 

+ W^Wl^q^WVHWl^^ + c(max{||^i|| Loo(n T ) , H^IIl^^)}) 

• HTHz^fiT) ||^i IUoo^II/II^^t) 

+ c (ll^2||i, 00 (nr)||-R||i, 00 (nr)||/||x,« T (nr) 

+ a(max{||^ 1 || Loo(n T ) , ||^2||z, 00 (nr ) })||T||i 00 (nT ) ||^|| i<r(nT) 

+ ll^"llL DO (fi T )l|V6'i|| L?7 ( fi T ) + IIMl^^IVTIIl^t) 

<<\\v,t\\ 

and from (3.8) and Lemma 3.1 we obtain 

\\(v,T)\\mvt) <c||(y,r)|| M( o T) . 

Hence continuity of follows. This concludes the proof. □ 

Lemma 3.7. Let assumptions of Lemmas 3.2-3.5 be satisfied. Then for every bounded 
subset Mo of M(fl T ), the family of maps 

<f>(-,v,6):[0,l]^M(n T ), (v,6)eM 

is uniformly equicontinuous. 

Proof. Let (v,0) G Mo, Aj G [0,1], i = 1,2, Ai > A 2 and fj,^ are solutions to the 
problems 

v it - dwT(vi, Pi ) = -Xi(v ■ Vv + a(0)/), 
div Vi = 0, 

n ■ D(vi) ■ f\ s = 0, n-Vi\ s = 0, 
Vi\ t =o = vq, % = 1,2 

and 

it - xA6>, = -Xtv ■ V6>, 
n-V^| s = 0, 
#i|t=o = ^0) * = 1,2. 
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To show uniform equicontinuity we introduce the differences 

V = v 1 -v 2 , P = Pi ~P2, T=8 1 -8 2 

which are solutions to the problems 

V t - divT(F, P) = -(Ai - \ 2 ){v ■ Vv + a{8)f), 
div V = 0, 

n-D(V) -f\ s = 0, n-V\ s = 0, 
V\ t=0 = 

and 

T t - xAT = -(Ai - \ 2 )v ■ V0, 
n-VT|s = 0, 
T\ t =o = 0. 

In view of Lemmas 3.2-3.3 

II^IUoo(o,T;wn(fi)) + HTIlLooCCTsWicn)) < c((Ai - A 2 )||(v,6')||^ ( n) 
+ (A 1 -A 2 )a( C ||(5,^)|U (n T ) )||/|| Lv(fiT) . 

Let /ij = Vi^ X3 , "&i = Qi^xo,- 
We introduce the differences 

H=h l -h 2 , R = H 1 -$2 
which satisfy the following conditions 

H = V X3 , R = T, Xs . 

In view of Lemmas 3.4 and 3.5 

\\H\\ Loo {0,T-Wl{Sl)) + WRWL^iO^-W^Q)) < c ((^l - A 2 )||(6, 0)\\ M (QT) 

( 3 - 10 ) + (Ai - A 2 )a(c|| (v, 8) \\ M (W))\\ («, *) Il-M(^) II/IIm^) 

+ (Ai - A 2 )o(c||(i5,e)|| -M(n T)||p|| L<7(n T). 

From (3.9) and (3.10) the uniform equicontinuity of </)(-, v, 8) follows. 
Proof of Theorem 1.1. 

In view of the above considerations and [5, Main Theorem] the assumptions of the Leray- 
Schauder fixed point theorem are satisfied. Hence Theorem 1.1 is proved. 
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